Under certain conditions on the coefficients of symmetric singular differential operators of order 2n, selfadjoint extensions are shown to have a discrete spectrum. The results are proven specifically for the Friedrichs extension.
This paper is concerned with finding conditions on the functions pk, l_rc_n, which guarantee that the Friedrichs extension has a compact inverse and, hence, a discrete spectrum. Since all selfadjoint extensions of F0 have the same continuous spectrum [5 for u e D(T0). Therefore F0 has a Friedrichs extension, T.
Let k be an integer, l^k^n. For this k define a sequence of functions {/zjï as follows : If, for each y in [a, b), it is true that JJ ljpk(t) dt is finite, then
\J« pk(t) I
If i is any integer 1 ^i^k-1, and if, for each y in [a, b), it is true that j"£ h¡(t, k) dt is finite, then
Theorem. Let T be the Friedrichs extension of T0. If
For u e D(T0), it follows from the Schwartz inequality ■a"'(r) dt\
Now setting xx=x and x2=b, or xx=a and x2=x<6 for hx(x, k) defined as in (la) or (lb) respectively, leads to the following:
Using (4) Continuing by induction, we get the inequality
\u'(x)\ = (T0u, uy*hk_x(x, k).
Integration of both sides leads to the conclusion of the lemma. For the case hk(x, k)= §* hk_x(t, k) dt, let xx-a, x2=x in the above inequality to obtain |«i(x)| = (Tu, uf'2hk(x, k).
For the case hk(x, k)= J"* hk_i(t, k) dt, then note that for each um in the subsequence there is a x2<.b such that um(x2)=0. Setting xx = x we obtain l«m(*)l = l«m(*ï) -"mWI Now take limits to obtain, for this case also, \u(x)\^(Tu, u)1/2hk(x, k). Hence, in either case
Integration of the above leads to (b). Proof of the Theorem. Let X be an eigenvalue of F associated with eigenvector u. Then (Tu,u)=(Xu,u)^ljM(u,u).
Hence, A_T/A/>0. Therefore all eigenvalues of F are positive and F^1 exists.
Let {Tun} be a bounded sequence in the domain of T1 and K be a number such that ||Fm"||^^<co, Eastham's technique [3] is based on a comparison to the Euler operator and requires b-ao. However, the procedure used in this paper does not depend on comparison with known results, and the result includes the case of a singularity at a finite endpoint. If px(x)=(l+x)2+x, m(x)=l, 0_:x<oo, then both results conclude a discrete spectrum if a>0. Eastham obtains a discrete spectrum for pk(x) = (x + 2)2k log(x + 2), 0 = x < co, but no such conclusion can be drawn from our theorem. It is possible to construct examples of oscillatory pk(x) for which lim infpk(x)jx2k is finite and lim sup pk(x)/x2k is infinite and, hence, Eastham's results are inconclusive, but for which our theorem concludes a discrete spectrum. Our theorem, supplemented by Theorem 2, [5, p. 210], yields the results that Friedrichs obtained [4] for those examples for which a discrete spectrum exists. Note that, for the Laguerre operator, a change of variable is needed to obtain the familiar form tu = -(xu)'
+ (x/4 -\)u, 0 = X < oo, in which case /?0(x)=(x/4-£)->-co as x-*oo and the discrete spectrum follows.
